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he n-th Walsh-Paley function is wp(z) = (—1)220%%,
where n = > Zyn2' € N, v = Y X 57 € [0,1) and
ng,x; € {0,1}, i =0,1,...

The Dirichlet and Fejér kernel functions are defined as

n—1 | n—1
Dp =) w, Kn::EZDk
k=0 k=0

n—1 1
Suf(y) =Y flk)wpy) = 0 f(z +y)Dn(x)dr,
onfy) ==> Spfly)= [ flx+y Kn(r)dx
" =0 0

Fejér means

n 1926 Lebesgue proved for the trigonometric system,
| onf(x) = f(x) for a.e. = for all integrable function.

It is proved for the Walsh-Paley system by Fine [2] and for the
Walsh-Kaczmarz system it is due to Gat [4]. The Walsh-Kaczmarz
system is defined as follows:

Let kg = 1 and for n > 1, |n| = |logon| define

n[—1
Fon (1) = 7y () (—1) 20 Tlnl-1o,
That is,
{kn 28 <n < 2PN = 1w, 2% <n <2

for all & € N. In other words, the Walsh-Paley and the Walsh-
Kaczmarz systems are dyadic blockwise rearrangement of each
other.

The (C, o) Cesaro means of the integrable function f are

1 mn
i fy) =5 D AN Sk ().
n
k=0
where A% = <a+1>(a22!>m(&+k) (a £ —k).
Fine proved [2] for the Walsh-Paley system and each o > 0,
f € L! the a.e. convergence 6%f — f.

The Walsh-Kaczmarz analogue is due to Simon, [13].

For Walsh-Paley Fejér kernel functions we have K,(x) — 0
(n — oo) for every = # 0. However, they can take negative
values which is a different situation from the trigonometric case.
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Figure 1: K| Walsh-Paley-Fejér kernel

On the other hand, for Walsh-Kaczmarz Fejér kernel tunctions
we have K, (r) — oo (n — 00) at every dyadic rational.

124
104

Figure 2: Ko Walsh-Kaczmarz-Fejér kernel

Summation of subsequence of partial
sums

n 1936 Zalcwasser [I17] asked how "rare” the sequence of strictly
monotone increasing integers a(n) can be such that

1 N
~ Zl Saim)f = 0

"in some sense”. For trigonometric system it is solved for con-
tinuous functions (uniform convergence) by Salem [12]: It the
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sequence a is convex, then the condition sup, n =1/ loga(n) <
+00 is necessary and sufficient for the uniform convergence for
every continuous function. For the time being, this issue with
respect to the Walsh-Paley system has not been solved. Only,
a sufficient condition is known, which is the same as in the
trigonometric case (Glukhov [8]).

With respect to convergence almost everywhere and integrable
functions the situation is more complicated. Belinsky proved
[1] in the case of the trigonometric system the existence of a
sequence a(n) ~ exp(+/n) such that the relation (1) holds a.e.
for every integrable function. In this paper Belinsky also con-

jectured that it the sequence a is convex, then the condition

sup,, n—1/2 log a(n) < +oo is necessary and sufficient again. So,
that would be the answer for the problem of Zalcwasser in this
point of view (trigonometric system, a.e. convergence and L!
functions). We proved in the case for the Walsh-Paley system the
following two results.

Theorem. (Gat, [6]) Let a : N — N be a sequence with prop-
alnt1) > g > 1(n € N). Then for all f € L([0,1)) we have

a(n)
! N
Nz:lsa(n)f — f

the a.e. relation
Theorem. (Gat, [6]) Let « : N — N be a convex sequence with
property a(4+o00) = +oo. Then for each f € L'([0,1)) we have
the a.e. relation

N
1 Sam)f
log N 7;1 n )

Two-dimensional functions

wo-dimensional Fourier coefficients of two variable integrable
Tfunctlon f:10,1) x [0,1) — C are

A 1,1
Flk ) = /O /O £ (2, y)wp(@)wn(y)drdy.

The rectangular partial sums of the two-dimensional Fourier se-

ries
M—-1N—-1

> >J k nwkn(x y)

k=0 n=0
The two-dimensional Fejér means

Svunflz,y):

M-1N-1

1
JM,Nf('xay) = W S: S: Sk7nf<37,y)

k=0 n=0

How can a function be reconstructed, knowing only its Walsh-
Fourier coefficients? Under what conditions (and in what sense)
oy Nf(x,y) — f(x,y)? In the trigonometric case we mention
two historical results.

* [n 1935 Jessen, Marcinkiewicz and Zygmund:
opy NS — fae,asif min{m,n} — oo for f € L'log™ LY,

* In 1939 Marcinkiewicz and Zygmund: ops nf — [ ae, as if
1/8< M/N < B (8> 1 fixed).

For the two-dimensional Fejér means in the Walsh-Paley and
Walsh-Kaczmarz case it is known:

® Méricz, Schipp, and Wade [10]: The unconditional (Pringsheim
sense) convergence for functions in Llog™ L, and the re-
stricted one for L! functions oon ou f — f with [N=M| < C.

e Weisz [15] and Gat [3] the L! situation for all index pairs, not

only powers of two.

e Simon [14] for the Walsh-Kaczmarz system, both situation
(Pringsheim and restricted convergence).

The convergence space Llog™ L is maximal in the following
sense: Gat [5] proved the following divergence result:

Let 6 : [0, +00) — |0, +00) be measurable, and limy_, d(¢) = 0.
Then 3f € LY([0,1)?) such as f € Llog"Li(L), and oy, p,f
does not converge to f a.e. as min(ng, ng) — oo.

Marcinkiewicz means

\, y

Marcinkiewicz means for f € L'(]0,1)?):
tnf(x Z Sk; k(@

Marcinkiewicz [9] proved for functions belonging to Llog™ L a.e.
relation ¢, f — f with respect to the trigonometric system. The
"L result” for the trigonometric, Walsh-Paley, Walsh-Kaczmarz
systems:

e Zhizhiasvili [18] (trigonometric system),
e Weisz [16], (Walsh system),
e Nagy [11] (Walsh-Kaczmarz system).

Define the Marcinkiewicz-like means [7]: (|n| = |logon]), a =
(a1, 00) : N2 — N?

1
tof(z) ==>" Sen(Inl k).l |n) k) (2):

k=0

The following two conditions on « play a prominent role.
#{l e N:oj(|n],l) = aj(|n|, k), <n} < C(k <n),

max {a;(|n|,k) :k<n} <Cn (neP,j=12).
For the Walsh-Paley system we have:

Theorem of convergence , Gat, [7]: Let « satisty the two condi-
tions above. Then ¢t f — f a.e. (f € Lb.

Theorem of divergence, Gat, [7]: Let v : N — N be any
function with property v(4+00) = +oco. Then there exists a
function f € L([0,1)?) and « satisfying first condition and
max {a1(|n|, k) : k <n} < Cn, max{as(|n|,k): k<n} <
Cny(n) such that lim sup,,cx [t5 f| = +00 almost everywhere.

Corollary (Gat [7])

1
Q_n Z S&1<n,]€),a2(n7]€)f($) — f

a.e. for all f € LY, where aj(n, k) < C2". This issue is open
for Walsh-Kaczmarz, trigonometric systems.

~
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