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1. Definitions, notation

The concept of the Vilenkin-like space was introduced by G.
Gát in 2001 [5]. Let m := (m0,m1, ...), where 1 < mk ∈ P.

Denote by Gmk a set, where the number of the elements is
mk (k ∈ N) with the discrete topology. Define the measure on
Gmk as

µk({j}) :=
1

mk
(j ∈ Gmk, k ∈ N).

Let Gm :=
∞
×
j=1

Gmj , with the product of the topologies and mea-

sures (denoted by µ). This product measure is a regular Borel
one on Gm with µ(Gm) = 1. The name of Gm is the Vilenkin-
like space. We can talk about bounded or unbounded Vilenkin
space, according as the sequence m is bounded or not. The
elements of Gm are x := (x0, x1, . . . ) (xk ∈ Gmk).

A neighbourhood base of Gm (for x ∈ Gm, n ∈ P) is given by

I0(x) := Gm, In(x) := {y ∈ Gm|y0 = x0, ..., yn−1 = xn−1}.

The concept of generalized number system is well-known. Let
M0 := 1,Mk+1 := mkMk (k ∈ N), then every n ∈ N

can be uniquely expressed as n =
∞∑
k=0

nkMk, where nk ∈

{0, 1, . . . ,mk − 1} (k ∈ N), and only a finite number of nk’s
di�er from zero.

Let |n| := max{k ∈ N : nk 6= 0} if n ∈ P, and |0| := 0. Let
n(k) =

∑∞
j=k nkMk.

Denote by An the σ algebra generated by the sets In(x) (x ∈
Gm, n ∈ N) and En the conditional expectation operator with
respect to An (n ∈ N).

The complex valued functions rnk : Gm → C (k, n ∈ N) are
called generalized Rademacher functions, if they have these four
properties:

i. rnk (x) (k, n ∈ N) is Ak+1 measurable and r0
k = 1.

ii. If Mk is a divisor of n, l and n(k+1) = l(k+1) (k, l, n ∈ N),
then

Ek(rnk r̄
l
k) =

{
1 if nk = lk,
0 if nk 6= lk.

iii. If Mk is a divisor of n, then for all x ∈ Gm
mk−1∑
nk=0

|rnk (x)|2 = mk.

iv. There exists a δ > 1, for which ‖rnk‖∞ ≤
√
mk/δ for all

k, n ∈ N.

Now define the Vilenkin-like system ψ as follows ψ := (ψn : n ∈
N), where

ψn :=

∞∏
k=0

rn
(k)

k (n ∈ N).

Define the Dirichlet and the Fejér kernels in the usual way

Dn(y, x) :=

n−1∑
k=0

ψk(y)ψk(x) (n ∈ P, D0(y, x) := 0),

Kn(y, x) :=
1

n

n−1∑
k=0

Dk(y, x) (n ∈ P).

In some cases of systems above (denoted by ϑ now) Dirichlet
and Fejér kernel functions depend only on one element of the
domain. The “one way” connection between the two concepts is
Dn(y, x) = Dϑ

n(y − x).

Finally, let us introduce the maximal value sequences of the
Dirichlet and Fejér kernels in the following way

Dn := sup
x,y∈Gm

|Dn(y, x)| (n ∈ N),

Kn := sup
x,y∈Gm

|Kn(y, x)| (n ∈ P).

2. Examples

Let us see some known examples for the Vilenkin-like system.

1. The Walsh-Paley and Vilenkin systems [8],[1].

2. The group of 2-adic (m-adic) integers and the group of char-
acters [7], [9].

3. The product system of coordinate functions of unitary irre-
ducible representations of non-commutative Vilenkin groups
(in this case the group Gm is the Cartesian product of any
finite groups) [10].

4. A system in the field of number theory. The so-called ψα
Vilenkin-like system (on Vilenkin groups) was a new tool in
order to investigate limit periodic arithmetical functions [4].

5. The UDMD product system [8].
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Table 1. Systems and their connections

3. Results

The Vilenkin-like system ψ is orthonormal and complete on
Gm [5]. It is known for bounded Vilenkin-like systems [5],

that if f ∈ L1(Gm), then SMn
f → f a. e, σnf → f a. e. and if

f ∈ Lp(Gm), 1 ≤ p <∞, then σnf → f in Lp-norm.

We could prove, that for kernels the supremums are actually in
the diagonal.

Theorem 1 [2]

Dn = sup
x∈Gm

Dn(x, x) (n ∈ N),

Kn = sup
x∈Gm

Kn(x, x) (n ∈ P).

The Paley lemma for Vilenkin-like system is true [5]. Namely, if
x, y ∈ Gm, n ∈ N, then

DMn
(y, x) =

{
Mn if y ∈ In(x),
0 if y 6∈ In(x).

From this result DMn
= Mn (n ∈ N) [2] is trivial.

We can estimate maximal value sequences of kernels in the fol-
lowing way.

Theorem 2 [2]

n ≤ Dn ≤M|n|+1 (n ∈ N),

n− 1

2
≤ Kn ≤

1

n

n−1∑
k=0

M|k|+1 (n ∈ P).

For Vilenkin system n = Dn for every n ∈ N and n−1
2 = Kn

for every n ∈ P hold, because of n = Dn(0) ≥ |Dn(x)| for all
x ∈ Gm and n ∈ N.
Table 2 contains the values of a possible system for the symmet-
ric group S3 (for details see [10]).

A part of the sequence Dn from this system can be seen in Fig-
ure 1, and a part of the sequence Kn is shown in Figure 2 on
the complete product of S3. This non-commutative system is a
good example for nontrivial cases of our theorems.
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Table 2. A possible system for S3
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Corollary 1 [2] For every n ∈ P

1 ≤ Dn
n
≤ m|n|, 1 ≤ 2

n− 1
Kn ≤ max

1≤k<n
m|k|.

Theorem 3 [2] Let n ∈ P. Equality Dk = k holds for all
k ∈ {0, . . . , n− 1} if and only if Kn = n−1

2 .

Theorem 4 [2] The sequence Dn is increasing, while the se-
quence Kn is strictly increasing.

Nevertheless, if inf
x∈Gm

|ψn(x)| > 0, then Dn < Dn+1.

But what is outside the diagonal?

Theorem 5 [3] Let x ∈ IA(y)\IA+1(y), where x, y ∈ Gm, A ∈
N. Then there is a constant Cm such that

|Dn(y, x)| ≤ CmMA.

Corollary 2 [3] Let x, y ∈ Gm and x 6= y. Then

sup
n∈N
|Dn(y, x)| <∞.

On the other side, for any x ∈ Gm

sup
n∈N
|Dn(x, x)| =∞.
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